Introduction.
In [2] Erdelyi proved two asymptotic estimates for Laguerre polynomials that are uniform in n and x. Unfortunately, he proved these estimates only for a^O while Laguerre polynomials are of interest for all a> -1. These estimates were used in [l] , [4] and [S] to prove mean convergence theorems for Laguerre series; because of the restriction on a the result in [l] was proved only for aSiO while in [4] and [5] some consequences of Erdelyi's estimates had to be proved separately for -l<a<0.
The purpose of this paper is to show that the restriction in the estimates to a^O is unnecessary and that they are valid for all a > -1. The method of proof is to use Erdelyi's estimates for positive a and some identities for Laguerre polynomials and Bessel functions. The proof works almost as well for a^-1 but some complications arise; since the results are of limited interest, they are not discussed here.
The Laguerre polynomials, P"(x) are defined by Y Lnix)r = (1 -r) " expf j.
Erdelyi's estimates are the following: (1.1) Given a^O and b<l, there exists n0 such that if «^«0 and OKxtkbv, then
Ln(x) = ---Ja(vfa + 0 (-Ja(vfa ) .
(1.2) Given a^O and a>0, there exists «0 such that if n}tno and x^av, then
/" is the Bessel function of order a as in [7] and At and Bi are Airy integrals as in [3] . The result of this paper can be stated as follows.
Theorem. Statements (1.1) and (1.2) are true if "a 2:0" is replaced "a>-l".
2. Preliminary results. Three Laguerre polynomial identities will be needed; they are
These are respectively (5.1.13), the second half of (5.1.14) and a combination of (5.1.2) and the first half of (5.1.14), pp. 99 and 101 of [6] . (2.1) will also be used in the form
and (2.2) will also be used in the form
It will be necessary to have an expression for L"(x) in terms of polynomials with larger a but the same value of j' = 4w-f-2o;-|-2. This will be useful since the estimates in (1.1) and (1.2) can then be substituted and most of the complicated functions will be the same in each term. In this derivation and the next, "use formula A to replace B" will mean "adjust a and n in formula A so that the left side equals B and replace B with the right side of this modified formula A".
To obtain the desired Laguerre polynomial expression, start with (2.3), use (2.1) to replace L"t\(x) and then use (2.5) to replace Lnt2(x). This produces the identity
\_n(n + a + 1) n _ (2.6) (a + l)x Ln~i(x) n(n + a + l)(a + 3)
The following facts about Bessel functions will be needed. From (8), p. 40 of [7] and (1), p. 199 of [7] it follows immediately that for u>0
where C depends only on a. (1), p. 45 of [7] states that
Now replace a by a + 2 in (2.10) and then use (2.10) to replace Ja+i («) and Ja+3(u). Solving for Jaiu) in the resulting identity shows that In the principal term of (3.2) replace the first (vx)-1 by using (2.14) and in (3.3) write (n+a + 2)(n-l) =v2/16+0(l). Adding (3.2) and (3.3) and using (2.11) and (2.9) shows that An application of (2.12) will how produce the estimate for this a. This completes the proof of the theorem.
